Abstract-A closed-loop control system for a MEMS gyroscope is proposed which greatly restricts the mechanical freedom of the sense mass while accurately measuring the total external force acting upon the sense mass. This is realized by an algorithm which uses the previous three sense mass position measurements to generate a position-, velocity-, and acceleration-dependant feedback force on the sense mass. The feedback force is equal and opposite to the average total external force the sense mass was subject to during the previous three position samples. As the feedback sampling rate increases, so too does the control loop's ability to both spatially confine the sense mass and determine the total external force acting on the sense mass. For a 1.05 MHz feedback sampling rate, we achieve a measurement of the external force with less than 5 parts per million error, and constrain the sense mass to displacements of less than 10nm.
Abstract-A closed-loop control system for a MEMS gyroscope is proposed which greatly restricts the mechanical freedom of the sense mass while accurately measuring the total external force acting upon the sense mass. This is realized by an algorithm which uses the previous three sense mass position measurements to generate a position-, velocity-, and acceleration-dependant feedback force on the sense mass. The feedback force is equal and opposite to the average total external force the sense mass was subject to during the previous three position samples. As the feedback sampling rate increases, so too does the control loop's ability to both spatially confine the sense mass and determine the total external force acting on the sense mass. For a 1.05 MHz feedback sampling rate, we achieve a measurement of the external force with less than 5 parts per million error, and constrain the sense mass to displacements of less than 10nm.
I. BACKGROUND AND INTRODUCTION
A typical two-mass MEMS Coriolis gyroscope consists of two silicon masses with independent silicon suspensions: a drive mass with springs designed to deflect primarily in the drive-mode direction ( d x ) and a sense mass with a suspension designed to deflect primarily in an orthogonal sense-mode direction ( s x ) [1] . The drive mass is actuated harmonically on resonance giving it a non-zero velocity along the drive-axis. The sense mass is then subject to: Coriolis forces induced by external rotations oriented about the axis perpendicular to both the drive-and sense-mode axes; Quadrature forces induced by undesired drive/sense mode mechanical coupling resulting from imperfect silicon spring fabrication; and inertial forces acting along the sense-axis.
The system's dynamics can be modeled by a coupled set of damped oscillator equations. The drive mode oscillator is characterized by the drive mass ( d m ), drive-mode quality factor ( d Q ) and mechanical resonant frequency ( d ω ). Similarly, the sense-mode oscillator is characterized by the sense-mass ( s m ), sense-mode quality factor ( s Q ) and mechanical resonant frequency ( s ω ). The gyroscope's dynamics are then modeled by a set of differential equations:
The drive mode oscillator is driven by a sinusoidal force of constant amplitude ( d F ) at the drive frequency ( d ω ). The sense mode oscillator is driven by time-varying inertial forces, ) t ( F I , and Quadrature and Coriolis forces given by
where xy k is the mechanical coupling parameter determined by the level of imperfection in silicon spring fabrication,
is the drive mode velocity, and ) t ( Ω is the timevarying external rotation rate of the device oriented about the axis perpendicular to both the drive-and sense-mode axes.
The final force acting on the sense mode oscillator, ) t ( F FB , is the feedback force generated by the closed-loop control system outlined herein. The correct choice of feedback force algorithm allows for accurate determination of the total external force acting on the sense mass:
Additionally, the feedback force must restrict the sense mass to near-zero displacements, so that the transducer responsible for measuring the position of the sense mass has a highly linear output over the device's entire operational range.
II. EVOLVING THE EQUATIONS OF MOTION
To solve equations (1) and (2) numerically, we first consider the general numerical method of evolving the equation of motion for a damped oscillator under the influence of an arbitrary, time-dependant force, ) t ( F . For a damped oscillator of a given mass ( m ), quality factor ( Q ) and resonant frequency ( ω ), we rewrite the equation of motion in terms of the mass' acceleration:
where ) t ( x is the position of the mass in time. We can then write the time-discretized form of (6) as
Where i is an integer that determines the current time:
, and t Δ is the numerical integration time step.
Given the initial conditions: 0 F , 0 x , and 0 v at 0 t , the initial acceleration ( 0 a ) can be calculated. To determine the mass' position at the next point in time, we employ the Feynman-Newton method [2] of discrete time evolution: With equations (9) and (10), the new acceleration 1 i a + can be calculated using (7) -so long as the total force acting on the mass ( i F ) is known at each time step. In the case of the drive mode oscillator (1), the driving force is user generated, sinusoidal, and well defined at all time steps. Thus, the drive mode position and velocity ( i Q , and d ω into (7) and repeatedly employing (8)-(10). For the sense mode oscillator (2), the same approach can be used by substituting s m , s Q , and s ω into (7), however, the total driving force is more complicated. Plugging discretized versions of (2) In real world scenarios, the external rotation rate, i Ω and the sense-axis inertial force, i , I
F , are time-dependant unknown parameters to be solved for.
In this simulation, i Ω and i , I
F are provided by the user as analytical equations or as test data. In doing so, however, there is no loss of generality. As will be shown in the next section, the feedback control algorithm accurately measures the total external force (11) without any knowledge of the user-provided force/rotation information. Thus, even in the presence of (unknown) real-world forces, the control algorithm accurately determines the total external force.         
III. THE FEEDBACK CONTROL ALGORITHM
The closed-loop control algorithm is responsible for generating the feedback force term in (2), ) t ( F FB . The applied feedback force must constrain the sense mass to move only within the linear range of the transducer responsible for measuring the position of the sense mass. Additionally, the control loop must accurately measure the total external force acting on the sense mass.
The control algorithm uses the transducer output data stream to determine the sense mass' position at each sampling time ( i , s x ). The algorithm then uses this data to generate a feedback force with components proportional to the sense mass' position, velocity, and acceleration. The velocity and acceleration of the sense mass at i t is given by:
After three consecutive sense mass position measurements are made, a feedback force is applied to the sense mass at the next (fourth) time step. The feedback force is given by
where α , β , and γ are user-controlled parameters. For the choice of 0 F 0 FB = , the feedback force, (14), can be written
By starting with the discretized form of (2), and substituting (15) for i FB F , the total external force can be written: Equation (17) shows that if we can accurately measure the feedback force exerted on the sense mass by the control loop, we also determine the external force acting on the sense mass with a two sample delay. Once the total external force is obtained, the external rotational rate ) t ( Ω must be determined. First, inertial forces can be removed from the total external force signal via high pass filtering, since Quadrature and Coriolis forces occur at the drive mass mechanical resonant frequency near 10kHz. Coriolis and Quadrature forces are intrinsically 2 π out of phase, allowing use of synchronous demodulation to isolate the Coriolis force. Amplitude demodulation and subsequent rate table characterization can be used to correlate the filtered data signal to an external rotation rate.
IV. SIMULATION DETAILS
Included herein are simulation parameters for a system in which a MEMS gyroscope is subject to a variety of external time varying inertial forces and rotations. The simulation evolves the drive and sense mode oscillator equations of motion for four seconds of real-world time. ). This Quadrature strength is consistent with the typical imperfections in Silicon springs resultant from current DRIE fabrication methods [3] .
Coriolis forces are exerted upon the sense mass when external rotations are present. In this simulation the Coriolis force is driven by a time-dependant rotational rate of the form ). The Coriolis and Quadrature forces both act at the drive mode resonant frequency of 9.5kHz, while DC and other lower-frequency content exists in the components of (18)-(19). A variety of relatively strong, rapidly changing inputs were chosen to demonstrate the control loop's ability to remain stable, and accurately measure the total external force, even in highly dynamic environments.
V. RESULTS Figure 1 shows the actual total external force with the calculated total external force data overlaid over a short time period. It can be seen qualitatively that our method of force feedback is very successful in reproducing the form of the total external force incident upon the sense mass. To quantify the accuracy of our measurements, however, we need to consider the relative error of our force measurements. The relative error of the control loop at a given time, i t , is defined as the difference between the measured external force and the actual external force, divided by the actual external force. Using (17) the relative error can be calculated as
The feedback force is calculated using (14) and carries an intrinsic two sample time delay. Thus, to avoid timing errors when calculating the relative error, we compare the feedback force generated at 2 i t + with the actual external force which existed at i t . Figure two shows the absolute value of the relative error calculated at each forcing cycle over the entire 4 second simulation. The time-averaged relative error has a magnitude of -6 10 4.62 × -less than five parts per million. In addition to accurately determining the external force on the sense mass, a successful loop closure needs to constrain the sense mass to near zero displacements. This ensures that the output of the position measurement transducer remains linear over the life of the device. Additionally, the scale factor of the device remains accurate regardless of the magnitude of the external force, so long as the feedback controller can physically produce an equal and opposite force. Figure 3 shows the sense mass position during the simulation. The mass displacement grows until a steady state is reached. The control algorithm holds the peak amplitude of sense mass oscillations nearly constant, despite changes in input forces and rotations. The faster the forcer control loop sampling rate, the tighter the sense mass can be constrained. In our simulation, the forcer sampling rate was set to MHz 05 . 1 , which allowed us to limit sense mass motion to less than nm 5 . 8 displacements -well within the linear range of most optical and capacitive transducers. Figure 4 shows that the peak amplitude of the sense mass displacements decreases inversely as the feedback sampling rate increases. The x-axis is plotted as the ratio of the force sampling rate to the mechanical resonant frequency of the sense mass oscillator. As the force sampling approaches the oscillator's mechanical resonance, the ability of the forcing loop to hold the proof mass centered reduces dramatically. . Peak sense mass displacement vs. feedback sampling rate (normalized to the sense mass resonant frequency). As the sampling rate increases the sense mass displacements tend to zero. As the force feedback rate approaches the mechanical resonant frequency, the displacements grow.
VI. FUTURE WORK
In the future, this simulation will process the calculated external force signal data (e.g. low pass filtering, synchronous demodulation, amplitude demodulation) to determine the external rotation rate ) t ( Ω . Additionally, a second control loop will be implemented to ensure the drive mass oscillator is actuated at constant amplitude, and always at the drive mode resonance, even in the incident of perturbing forces. Lastly, this algorithm will be incorporated into the control electronics of a patent pending two-mass MEMS Coriolis gyroscope design which is currently in fabrication.
